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The complexity of space missions has been steadily increasing as new missions
are expected to be designed to fly under more and more stringent constraints.
This paper shows the use of a new, simple methodology that is useful for
complex mission design. It deals with determining the ‘exact’ control force
needed to cause a spacecraft to move at a given inclination in a circular orbit
around an oblate rotating body whose gravitational field is non-uniform. The
methodology uses the explicit Udwadia-Kalaba equations of motions showing
the simplicity, accuracy and power of the approach, and the ease with which the
control forces can be explicitly obtained.
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INTRODUCTION
Historically, the problem of explicitly formulating the equations of motion for constrained systems has
been a difficult task. Traditional methods, such as using Lagrange multipliers or the Gibbs-Appell equations,
become nearly impossible to use when the problem has many degrees of freedom with many nonintegrable
constraints. It has been only recently that Udwadia and Kalaba (1992) presented a simpler general description of the
equations of motion for a system subjected to many non-integrable constraints, which this paper refers to as the
“fundamental equations of motions”. This powerful new approach, which is obtained by using Gauss’s principle,
does not distinguish between holonomic or nonholonomic constraints.
One of the aims of this paper is to introduce to the mission design community this new and novel approach
which is simple yet extremely useful. The general approach of controlling complex multi-body systems was first
developed by Udwadia (2002 & 2003). However, the examples used in Udwadia (2002 & 2003), though very
insightful, dealt with simple mechanical systems. This paper will apply the approach to design a space mission for a
satellite to follow a circular orbit around an oblate rotating body whose gravitational field is non-uniform.
Some current methods of controlling the orbital elements of a spacecraft around a body with a non-uniform
gravitational field require the addition of a perturbing function (for the desired spherical harmonic coefficients) to
the potential function. This method leads to lengthy analytical expansions, and the equations are specifically
derived for the chosen set of spherical harmonics terms. Another approach in controlling the motion of a spacecraft
in a non-uniform gravitational field is to counteract all the perturbing forces, which one can calculate from the
gravitational potential. Although this method is the simplest, it over-constrains the problem and is not as useful
from a mission design perspective. A more elegant approach to the control of a spacecraft is to use a non-linear
Lyapunov-based classical element feedback control method [Ilgen (1993), Schaub, et. al. (1999), and Naasz and
Hall (2005)]. This is a very powerful method, but requires one to derive a candidate Lyapunov function for the
specific system.
One advantage of using the Udwadia-Kalaba equations is the ability to explicitly obtain the required
thrusting force to control the spacecraft for any given gravitational field. Research conducted in this area by
Scheeres and others [Scheeres (1999), Scheeres and Guman (2000), Hussein and Scheeres (2004), and Hu and
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Scheeres (2004)] has shown the effects that non-spherical harmonic terms (in the gravitational field) have on orbital
stability of a spacecraft. Previous work by Kozai (1959, 1961 & 1965) and Goldreich (1965) had also addressed the
same issue. In general, a planet’s oblateness (J2) causes short and long period oscillations and secular drifts in the
osculating orbit elements [Alfriend and Schaub (2000)]. Other higher order terms such as C22, commonly termed as
the ellipticity, have been shown to cause large changes in orbital energy and angular momentum [Scheeres (1999)].
The effects of these non-spherical contributions to the gravitational field can be critical to the success of a space
mission. They can cause the spacecraft to impact the body that it is orbiting, or, in some situations, cause the
spacecraft to altogether escape from it [Scheeres (1999) and Scheeres and Guman (2000)]. Research by Scheeres
and Guman (2000) has shown that many low altitude orbits around Europa are unstable (impact within a year)
between the inclinations ~55° to ~125° for a gravity field up to 2nd degree and order, i.e. up to Snm where S are the
coefficients for the spherical harmonics term and n = 2 (degree) and m = 2 (order). Unfortunately, this range of
inclinations is ideal for many science missions. If a mission to Europa, or to other bodies where little is known
about the gravity field, is to be successful, exact and quick control of the spacecraft is required. The method
described in this paper provides a simple method for constraining a spacecraft to a fixed altitude circular orbit at a
given inclination for any general gravity field. The control is exact and can easily be numerically integrated.
Although the example illustrated in this paper is rather simple, the method is sufficiently general that other
constraints can be derived and easily incorporated into the equations of motions. Furthermore, the constraints
applied to the spacecraft are not limited to geometric constraints, such as inclination and radius, but allow for
velocity, energy, and general non-holonomic constraints. The only limitation is that the constraints not be
contradictory with one another.

GENERAL THEORY
This section will provide the necessary introduction to Udwadia and Kalaba’s fundamental equations for a
constrained system. Consider a system of n point particles in the inertial Cartesian coordinate frame. Assume the
initial conditions of the particle (or spacecraft) are known and that the displacement vector and the time derivative of
the displacement vector is denoted by vectors

x and x , where

x = [ x1

x 2 ... x 3n ]

T

(1)

€

The forces exerted on the particles are then denoted by

€

T

F (t ) = [F1 (t ) F2 (t ) ... F3n (t )]

(2)

and, thus, the unconstrained motion of the system can now be expressed by the 3n x 3n matrix equation

Mx = F (x (t ), x (t ), t )

(3a)

x = M −1 F (x (t ), x (t ), t )= a (t )

(3b)

or as,

where M is the diagonal mass matrix and a is the unconstrained acceleration vector of the system. If the system is
constrained with a given set of constraints of the form


€ ϕ x , x , t = 0,

(

)

i = 1,2,..., m

(4)

for m constraints, by differentiating these m equations with respect to time, and assuming that ϕ i are smooth and
differentiable, we can obtain an equation for the constraints of the form
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A(x , x , t )x(t ) = b (x , x , t )

(5)

where A is an m by 3n matrix. We note here that the constraints in (4) can either be holonomic (i.e. position
constraint) or nonholonomic (i.e. constraints involving velocities); either way they must be differentiated to the form
of Eq. (5).
The addition of constraints on the system causes additional forces to be applied to the particles and the
equation of motion for the system is now of the form

Mx = F (x (t ), x (t ), t )+ F C

(6)

where F C is the constraint force vector. The task here is determining F C . What Udwadia and Kalaba (1992 &

€

1996) have shown is that F C can be determined based on Eq. (5) and Gauss’s principle of least constraint [Pars
(1965)], which states that among all the accelerations (which are compatible with the constraints) that the system
can have at time t, the ones that actually materialize are those that minimize the following equation,

€

€

T
G (x)= (x − a ) M (x − a )

(7)

where G is known as the Gaussian. Based on Eqs. (5), (6) and (7) the constraint force can be shown to be
+

F C ( t ) = M 1/ 2 ( AM −1/ 2 ) (b − Aa )
where AM −1/ 2

(

)

+

(8)

is the unique Moore-Penrose or pseudo inverse of the Constraint Matrix AM-1/2. Now from Eqs.

(6) and (8) the acceleration
€ of the system can be written as

(

x = a + M −1/ 2 AM −1/ 2

€

) (b − Aa ).
+

(9)

Eq. (9) is the fundamental equations of motion for constrained systems. Udwadia and Kalaba (1996) easily verified
Eq. (9) by showing that it satisfies the constraint Eq. (5), and then showed that of all the accelerations that could
possibly satisfy Eq. (5), only Eq. (9) is the unique vector which globally minimized the Gaussian.

Unconstrained Motion
In the case of a point mass spacecraft orbiting a massive body the unconstrained acceleration of the system,
according to Newton’s law of gravitation, is expressed as

a =−

µ
r + aP ,
r3

(10)

where r is the radius vector in the inertial coordinate system. Assuming an infinitesimal mass for the spacecraft, µ
is the universal gravitational constant times the mass of the celestial body (µ = GM), and aP includes perturbation
accelerations caused by€non-spheroidal gravitational effects of the central body. If aP = 0 then the equations of
motion reduce back to the ideal Keplerian relation, a point mass model. Here we assume that the motion of the
spacecraft does not alter the motion of the body.

€

€
3

From potential theory, the acceleration in Eq. (10) can be expressed in term of a gradient of the potential
function,

a = −∇U

(11)

where U is derived from the potential function of a spheroid, which can be expressed as
n

U =−

n

µ µ ∞ ⎛ €
R ⎞
µ ∞ n ⎛ R ⎞
+ ∑ J n ⎜ ⎟ Pn (sin φ )− ∑∑ ⎜ ⎟ Pnm (sin φ )(Cn ,m cos mλ + S n ,m sin mλ )
r r n=2 ⎝ r ⎠
r n=2 m=1 ⎝ r ⎠

(12)

where
R
r
φ
λ
Pn(sinφ)
Pnm(sinφ)

= body-centered reference radius
= geocentric distance
= latitude of the spacecraft
= longitude
= Legendre Polynomial of degree n in sinφ
= Legendre function of the first kind

and Jn, Cn,m, and Sn,m are the numerical coefficients (zonal, tesseral, and sectorial harmonics coefficients). Eq.(12) is
equivalent to Spier (1971) with a change in the sign.
Eq. (12) suggests that the estimation of the planet’s gravitational potential is expressed as a infinite series
expansion of powers of 1/r with coefficients that are the spherical harmonics functions of φ (latitude) and λ
(longitude). Figure 1 illustrates the effect which the spherical coefficients have on the body. For the case of a J2
dominated body a bulge in mass along the equator exists. For the case of a negative J3 dominated body, more mass
is located on the southern half of the body (and mass concentration is located on the northern sphere for a positive
J3). For an in-depth discussion on satellite geodesy see Kaula (2000).
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Figure 1. The uniform-density planet with (a) zonal harmonics, (b) sectorial harmonics, and
(c) tesseral harmonics. (+) represents area where radius, r, is greater then the reference
radius, R, and (-) represents area where r < R.
From Eqs. (11) and (12) we now have the unconstrained acceleration of a spacecraft orbiting an oblate
body under a non-uniform gravitational field. We have yet to constrain the motion or assume a type of motion about
the body. One can visually note, from Figure 1, that gravitational anomalies corresponding to the spherical
harmonics will “alter” the motion of a spacecraft when passing over particular regions.
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Constraints on the Motion
Now constraining the motion of the spacecraft to be circular and fix the inclination of the orbit, we
introduce two constraints on the system. The circular obit constraint, a holonomic constraint, is written as

x 2 + y 2 + z2 = r2

(13)

where r is the radius of the desired circular orbit, and thus a constant. Differentiating the equation twice to put it
into the form of Eq. (5) we have

€

[x

y

⎡ x⎤
z ]⎢⎢ y⎥⎥ = − x 2 − y 2 − z 2
⎣⎢ z⎦⎥

(14)

To fix the inclination of the trajectory we define inclination as

cosi =

h ⋅ kˆ
h

(15)

where h is the angular momentum ( r × v ) of the orbit and kˆ is unit vector along the z-axis. By fixing the
inclination, i, the z-component of the normalized angular momentum is a constant. The constraint, after
differentiating Eq. (15) once,
€ since it is a non-holonomic constraint, is then written as

€

€

€

[i

1

i2

⎡ x⎤
i 3 ⎢⎢ y⎥⎥ = 0
⎢⎣ z⎥⎦

]

(16)

where

i1 = yz 2 y 2 + yx 2 z 2 + y 3 z 2 − x 2 zy z − yxzxz + xz 2 xy − 2 y 2 zy z
i2 = − xy 2 z 2 − xz 2 x 2 − x 3 z 2 + y 2 zxz + xyzy z − yz 2 xy + 2 x 2 zxz

(17)

i3 = − x 2 zxy + y 2 zxy + xyzx 2 − x 2 yxz + xy 2 y z − xyzy 2 + x 3 y z − y 3 xz
It is noted that the algebraic derivation for the inclination constraint is somewhat less “clean” to work with, and
other methods such as deriving inclination constraints based on Euler angles may also be used. In either approach,
the constraint equation for inclination in Cartesian coordinate will never be as “clean” as with using polar
coordinates (note: Udwadia and Kalaba’s fundamental equation of motion for constrained system described in this
paper is not limited only to Cartesian coordinates, but can be easily adapted to generalized coordinates).
The constraint equations for both constraints are now combined in the form

⎡i1
⎢
⎣ x

i2
y

Ax = b

⎡ x⎤
0
⎤
i3 ⎤ ⎢ ⎥ ⎡
⎡ 0 ⎤
⎥ ⎢ y⎥ = ⎢− x 2 − y 2 − z 2 ⎥ = − ⎢ 2 ⎥ ,
z ⎦
⎣v ⎦
⎦
⎢⎣ z⎥⎦ ⎣

where v 2 = x 2 + y 2 + z 2 . Working our way toward Eq. (9), we define the constraint matrix,
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(18)

1
m

B = AM −1/ 2 =

⎡i1
⎢
⎣ x

i2
y

i3 ⎤
⎥
z ⎦

(19)

where m is the mass of the spacecraft. The Moore-Penrose-inverse or pseudo inverse of B is
−1

( )

B + = B T BB T

(
(

)
)

⎡ − i2 xy − i3 xz + i1 y 2 + z 2
m ⎢
=
− y (i1 x + i3 z )+ i2 x 2 + z 2
⎢
H
⎢ i3 x 2 + y 2 − z (i1 x + i2 y )
⎣

(

where

(

)

)

(

i22 x − i1i2 y + i3 (i3 x − i1 z ) ⎤
⎥
− i1i2 x + i12 y + i3 (i3 y − i2 z ) ⎥
− i1i3 x + i12 z + i2 (− i3 y + i2 z )⎥⎦

) (

(20)

)

H = i32 x 2 + y 2 − 2i1i3 xz − 2i2 y (i1 x + i3 z )+ i22 x 2 + z 2 + i12 y 2 + z 2 .

We note that for Eqs. (19) and (20) to be true, two conditions must be met: First, the rank of matrix A must be 2 (in
other words the constraints must be independent of each other), and second, H must not be zero (otherwise the
Moore-Penrose-inverse of B is a singular matrix). This paper will not attempt to prove these two conditions at this
time, but will assume them to be true and would like the reader to note this as well.

(

)

The term b − Aa is written as

a1 i1 + a2i2 + a3i3 ⎤
⎥ .
⎣v + a1 x + a2 y + a3 z ⎦

(b − Aa )= −⎡⎢

€

2

(21)

where a1, a2, and a3 are the respective x, y, and z component of the acceleration described in Eq. (11). Combining
Eqs. (9), (19), (20) and (21) we have

⎡a1 ⎤
x = ⎢a 2 ⎥ + a C
⎢ ⎥
⎢ a 3 ⎥
⎣ ⎦

(22)

where,

(
(

)
)

⎡ − i 2 xy − i3 xz + i1 y 2 + z 2
1 ⎢
a C = − ⎢− y (i1 x + i3 z )+ i 2 x 2 + z 2
H
⎢ i3 x 2 + y 2 − z (i1 x + i 2 y )
⎣

(

)

i 22 x − i1i 2 y + i3 (i3 x − i1 z ) ⎤
⎥ ⎡ a i + a 2 i 2 + a 3 i3 ⎤
− i1i 2 x + i12 y + i3 (i3 y − i 2 z ) ⎥ ⎢ 2 1 1
⎥ (23)
v
+
a
x
+
a
y
+
a
z
1
2
3 ⎦
− i1i3 x + i12 z + i 2 (− i3 y + i 2 z )⎥⎦ ⎣

where the first term of (22) is the acceleration term of the unconstrained system as defined in Eq. (11) and the
second term, Eq. (23), is the acceleration due to the two constraints. Thus, Ma C is the controlling force necessary
to stay in the desired circular orbit. The strength of the Eq. (22) is that it is valid for any circular orbit with a fixed
inclination for any general potential field, U. Equation (22) simply reduces to
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⎡ x ⎤
2
v
x = − ⎢ y ⎥
r 2 ⎢ ⎥
⎢⎣ z ⎥⎦

(24)

for the case when a is the acceleration from the two-body Keplerian equations of motion.
From the applied constraints, Eqs. (13) and (15), one can speculate that constraint violations in the initial
conditions will causes errors in the numerical propagation, which may lead to secular drifts in the constraints. One
method€of mitigating this error is to make the applied constraints “damping” constraints of the form,

ϕ + αϕ + βϕ = 0 .

(25)

For example, Eq. (13) can be written as ϕ = x 2 + y 2 + z 2 − r 2 = 0 , which can be place in the form of Eq. (25)
after differentiation.
It is noted that the controlling force, Eq. (23), is simply the force required to exactly eliminate the
perturbing forces. For simple control problems, such as the one discussed in this paper, there are easier means to
solve such problem, as discussed above in the Introduction. The example in this paper is just a proof-of-concept,
and the control method described in this paper can be applied to other, more complex, problem, were simple
solutions or methods do not currently exist.

Numerical Example
In this section we will illustrate the theory described in the previous section with the example of a circular
orbit around a rotating Earth (ωEarth = 7.29211e-05 rad/sec). We attempt to see the effects (required forces, thrusting
directions, etc) which the spherical harmonic terms have on the spacecraft when it is constrained to a circular orbit
with a fixed inclination. In other words, what is the required thrusting direction and force which will keep the
spacecraft in a circular orbit and fixed inclination when we add harmonics to our dynamical model.
This section will be divided into three sets of examples: Case Set 1, which fixes the inclination at 90° and
turns on and off the J2 and J3 term as defined in Eq. (12). In Case Set 2, we will analyze the required thrusting for
various inclinations including low-order zonal (J terms) harmonics (up to fourth) for Earth’s gravitational potential.
Case Set 3 contains selected examples which illustrate the inclination constraint; this case set is included because
Case Sets 1 and 2 do not sufficiently demonstrate the effect which the inclination constraint has on the spacecraft
due to the fact that zonal harmonics (J terms) have very little effect on inclination.
In these examples, the initial longitude of ascending node, Ω, argument of periapsis, ω, and true anomaly,
ν, are 0°, in an inertial coordinate system, where Ω = ω = ν = 0° corresponds to an orbit starting at y = z = 0. The
mass of the spacecraft is taken to be 1000 kg. For the case where inclination is at 90° the initial state is the position
vector [R, 0, 0] and the velocity vector [0, 0, vC]. With R as the radius of the circular orbit, the magnitude of the
circular orbit velocity, vC is given by

vC =

µ
.
R

(26)

The numerical integration were done in Matlab® using a variable step 7th-8th order Runge-Kutta scheme.
The error tolerance was set to 10-8. Much research is still required in looking at the some of the limitations and
constraints which the fundamental
equations of motions have on complex multi-degree of freedom problems. For
€
example, one sees a potential numerical difficulty in trying to perform the Moore-Penrose-inverse or pseudo inverse
in Eq. (20).
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Case Set 1: Effect of J2 and J3. For a fixed inclination of 90° and at an orbiting altitude of 500 km (Earth radius =
6,378.14 km), propagation was done for Cases A through C. The mass of the spacecraft was set to 1,000 kg, and the
trajectories were propagated for 5 orbits (orbital period = 1.5769 hrs). We will classify the numerical cases with the
following nomenclature, which are based on the coefficients of the harmonics term in Eq. (12),
Case 1A:
Case 1B:
Case 1C:

J2 = 0.0,
J2 = 0.1082626925638815e-02,
J2 = 0.0,

J3 = 0.0
J3 = 0.0
J3 = -0.2532307818191774E-05

For Case 1A, all coefficient terms are set to zero, and we have back the basic two point-mass orbit, and the
applied force required to remain in the desired circular orbit at the 90° inclination is essential zero (Figure 2). From
Figure 2 one notes the numerical error (or numerical noise) of the problem most accredited to errors in the numerical
integration.
In Case 1B we have a non-zero J2 and J3 = 0. Figure 3a shows the constrained force required to remain in
a circular orbit at the 90° inclination. Figure 3b shows the orbits and the actual thrust vectors along the path to
remain in the circular orbit. From Figure 3a and 3b we note that the majority of the thrusting (11.7845 N) is at the
bulge of the orbit and pointed outwardly, max thrust at every half revolution period. This is expected, because the
effect of J2 causes the Earth to bulge at the equator. The bulge increases the local gravity around the area, which
causes spacecraft to decrease its altitude when no orbital maintenances (radial constraints) are applied. The
thrusting is required to increase the spacecraft’s altitude near the equator to maintain the constant radial distances.
The effect of J2 is also shown in Figure 3c, where the radius of unconstrained trajectory periodically decreases and
increases while the constrained orbit remain fixed at approximately 6878 km. We further note that J2 does not have
an effect on inclination at 90°.
In Case 1C we have a non-zero J3 and J2 = 0. Figure 4a shows the constrained force required to remain in
a circular orbit at the 90° inclination, and Figure 4b shows the orbits and the actual thrust vectors. We note, from
the 2 figures, that the thrusting profile is not as simple as that from Case 1B. The profile of the thrusting is still as
expected from an orbit that is only affected by J3, which causes a bulge in the southern hemisphere of the Earth for
J3 < 0. One will also conclude that J3 causes a growth in the deviation of the radius, and thus an increase in the
eccentricity of the orbit. The J3 term, although small, will cause the spacecraft to eventually collide with Earth, if
the constraints were not applied. Figure 4d shows that J3 does not affect the inclination at 90°.
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Figure 2. Required Force for Case 1A
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Case Set 2: Varying Inclination with Low-Order Zonal Harmonics. With an orbiting altitude of 500 km (Earth
radius = 6,378.14 km), propagation was done with
J2 = 0.1082626925638815e-02
J3 = -0.2532307818191774E-05
J4 = -0.162042999E-05
Values were from Wertz & Larson (1999). The mass of the spacecraft was set to 1,000 kg, and the trajectories were
propagated for a longer period of time of 50 orbits (orbital period = 1.5769 hrs) to view any potential long term
effects.
In analyzing the required force to remain in a circular orbit we vary the inclination from 90° to 180° in
increments of 15°. Since the required force repeats every orbital period, for clarity, Figure 5 only shows the first
cycle. A clear pattern of increasing y-component of the thrust vector appears as the inclination is increased and the
thrust magnitude eventually remains nearly constant at 11.7845 at 180°, which is expected since the Earth’s
equatorial bulge is the dominant term (J2). We also note the increase of the z-component of the thrust vector as we
go away from 90° and 180°. A more detailed analysis could have been done requiring the initial thrusting required
at the epoch to be zero; this would have avoided any necessary calibration to Figure 5a-g.
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Figure 3. Case 1B (J2 ≠ 0, J3 = 0): (a) Required force, (b) Trajectory with thrust vectors, (c) Orbital radius with and
without constraints, and (d) Orbital inclination with and without constraints.
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Figure 4. Case 1C (J2 = 0, J3 ≠ 0): (a) Required force, (b) Trajectory with thrust vectors (length of thrust vectors are
500x larger than Figure 3), (c) Orbital radius with and without constraints, and (d) Orbital inclination with and
without constraints.
Case Set 3: Demonstration of the Inclination Constraint. As with Case Sets 1 and 2 the basic orbital parameter,
with an orbiting altitude of 500 km and a spacecraft mass of 1,000 kg, are used. To demonstrate the inclination
constraint more sufficiently we will use the Zonal (J term) harmonics and in addition add the C22 and S22 terms
[C22 = 29.146736E-06 and S22 = -9.0237594E-07 (Vladimir 1996)]. In the following examples the inclination will
be set and constrained to 115° (Figure 6a) and 135° (Figure 6b). The trajectories are then propagated for 10 orbits
(orbital period = 1.5769 hrs).
In studying Figure 6 we note that both constraints, the circular orbit constraint and the inclination
constraint, adequately constrained the motion of the spacecraft when perturbations from the planet’s gravitational
potential are introduced. We see clearly from Figure 6 that the spacecraft’s motion in the constrained system is
restricted to have a constant range and inclination, which is represented with the solid line. The dash and dotted
lines represent the unconstrained range and inclination, respectively.
In all the above numerical cases, the constraint violations were below 10-10 for range and 10-11 for
inclination. From Figure 2 we can speculate that this violation is attributed to the accuracy of the numerical
integration. But due to the small violation errors in the constraints a detailed numerical analysis to address
wherefrom these violations may be attributed was not conducted. Other causes of this small violation may be due to
small constraint errors from the initial conditions. In the future this analysis will be conducted.

10

10

10

5

5
Force [N]

15

Force [N]

15

0

0
ï5

ï5
xïforce applied
yïforce applied
zïforce applied
Force (magnitude) applied

ï10

ï10

xïforce applied
yïforce applied
zïforce applied
Force (magnitude) applied

(a)
ï15
0

0.5

1

(b)
ï15
0

1.5

0.5

15

15

10

10

5

5
Force [N]

Force [N]

Time [hrs]

0

0

xïforce applied
yïforce applied
zïforce applied
Force (magnitude) applied

ï10

xïforce applied
yïforce applied
zïforce applied
Force (magnitude) applied

(d)

(c)
0.5

Time [hrs]

1

ï15
0

1.5

15

15

10

10

5

5
Force [N]

Force [N]

ï15
0

0

0.5

Time [hrs]

1

ï5
xïforce applied
yïforce applied
zïforce applied
Force (magnitude) applied

ï10

xïforce applied
yïforce applied
zïforce applied
Force (magnitude) applied

(f)

(e)
ï15
0

1.5

0

ï5
ï10

1.5

ï5

ï5
ï10

Time [hrs]

1

0.5

Time [hrs]

1

1.5

ï15
0

0.5

Time [hrs]

1

1.5

Figure 5a-f. (Case 2)Thrusting requirement to remain in a circular orbit at fixed inclination of
(a) 90°, (b) 105°, (c) 120°, (d) 135°, (e) 150°, and (f) 165°, for 1 orbit.
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Figure 5g. (Case 2) Thrusting requirement to remain in a circular orbit
at fixed inclination of 180° for 1 orbit.

CONCLUSION AND COMMENTS
Udwadia and Kalaba’s fundamental equation of motion for constrained systems is a remarkable new
method which traditional dynamicists should further investigate. Applying this method, we are able to derive
equations of motion for complex systems with m number of constraints explicitly. These constraints can be highly
non-linear as with the inclination constraint, or as simple as with the radius constraint. Without dealing with
complex quasi-coordinates, elimination of coordinates, transformations, or with Lagrange multipliers, Udwadia and
Kalaba have simplified the understanding of constrained motion to a simple equation that encompasses nearly all
classes of constraints.
In addition, Udwadia and Kalaba (1996a) have also shown that the Lagrange multiplier for a constrained
system can easily be derived, explicitly, from the fundamental equation of motion (Eq. 9). Assuming the rank of
matrix A is m for the m linear independent equations Udwadia and Kalaba (1996) showed that the explicit equation
for the Lagrange multiplier vector is
−1

λ = ( AM −1 AT ) (b − Aa )

(25)

In this paper, we demonstrated the ease with which the new equation could be used, and apply it to a simple
mission design problem of finding the spacecraft’s thrusting requirements to remain in a circular orbit with a fixed
inclination. This example
€ was chosen for two reasons, (1) because of the ease in specifying the applied constraints,
and (2) because there is a plethora of methods for controlling spacecraft in circular orbits. From the case sets in the
previous section we illustrate the success of applying this method, which is shown by the contained range and
constant inclinations of the time evolution of the spacecraft’s orbits. In general this paper demonstrates the success
of applying Udwadia-Kalaba’s equation to space mission design applications with three (3) case sets for a spacecraft
around the Earth. The dominance of the J2 zonal coefficient on the motion of the spacecraft was verified in Case
Set 1 & 2, and the paper also showed the secular effect which the J3 coefficient has on the orbital radius if the
system was not constrained (Case Set 1). As expected from previous literatures and references the zonal J terms has
little-to-no effect on the orbital inclination (as seen in Case Set 1 and 2), but the inclination constraint was clearly
demonstrated in Case Set 3 when the cross terms, C22 and S22, were added to the gravity model of Earth.
The power of using this approach is that we can substitute any unconstrained acceleration (or any
gravitational potential) from any equation of motion (for example, the simple two-body motion or more complex
models such as the n-body models) and we can still apply Eq. (22) to obtain a basic thrusting requirement to remain
in a circular orbit with a fixed inclination. Eq. (22) applies to any general unconstrained acceleration denoted by a1,
a2, and a3 for the acceleration in the x, y, and z direction. Although Eq. (22) is tailored toward the constraints of a
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circular orbit with fixed inclination, from the procedure described in the first two sections one can derive other sets
of equations depending on the constraints required on the trajectory.
In addition, the method described in this paper is a general one and can be applied to many facets of
mission design. Moving toward more complicated problems such as the case of the three-body problem one can
find the required thrusting or constraint to remain in a Lyapunov orbit, Halo orbit, or a distant retrograde orbit
(DRO) if one can derive an analytical equation (or approximate series expansion) which describes the periodic orbit.
Further work is also progressing on applying this method for designing multiple revolution spiral-ins or spiral-outs
1/ n
by deriving the required constraints based on Archimedean Spirals of the form r = aθ , where a is a constant, θ is
the polar angle, and n is the constant which determines how tightly the spiral is encircled. Another significant
progression currently being made is in applying this method to formation flying techniques by deriving the exact
controls needed to remain in formation around an oblate body. These lines of research are extensions of the work
described in this paper. The only requirements for these constraints
€is that one is able to take the second-derivative
of the equation which describe the path(s) in question and put it into the form
system are linear in the accelerations.

Ax = b , or that the constraints on the

The method described in this paper may allow mission designers and control engineers to derive complex
control laws for complex systems, and open new avenues in our understanding and designing of space missions.
Much like Gibbs’ and Appell’s contribution in the late 19th century to our understanding of constrained mechanical
systems with their Gibbs-Appell equation, today Udwadia and Kalaba have brought us an even simpler and more
insightful understanding of constrained systems with their Udwadia-Kalaba equation.
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Figure 6. (Case 3) Left: Time evolutions for the spacecraft’s range for the constrained and unconstrained system.
Right: Time evolutions for the spacecraft’s inclination for the constrained and unconstrained system.
(a-b) inclination = 115° (c-d) inclination = 135°.
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