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Abstract We present an alternative method of producing

density stratifications in the laboratory based on the ‘dou-

ble-tank’ method proposed by Oster (Sci Am 213:70–76,

1965). We refer to Oster’s method as the ‘forced-drain’

approach, as the volume flow rates between connecting

tanks are controlled by mechanical pumps. We first

determine the range of density profiles that may be estab-

lished with the forced-drain approach other than the linear

stratification predicted by Oster. The dimensionless density

stratification is expressed analytically as a function of three

ratios: the volume flow rate ratio n, the ratio of the initial

liquid volumes k and the ratio of the initial densities w. We

then propose a method which does not require pumps to

control the volume flow rates but instead allows the con-

necting tanks to drain freely under gravity. This is referred

to as the ‘free-drain’ approach. We derive an expression for

the density stratification produced and compare our pre-

dictions with saline stratifications established in the

laboratory using the ‘free-drain’ extension of Oster’s

method. To assist in the practical application of our results

we plot the region of parameter space that yield concave/

convex or linear density profiles for both forced-drain and

free-drain approaches. The free-drain approach allows the

experimentalist to produce a broad range of density profiles

by varying the initial liquid depths, cross-sectional and

drain opening areas of the tanks. One advantage over the

original Oster approach is that density profiles with an

inflexion point can now be established.

1 Introduction

The atmosphere, oceans, lakes and even rooms exhibit

density stratifications. A better understanding of fluid flows

and transport processes, e.g. the dispersal of pollutants, in

these environments has been, and continues to be, gained

through experimental modelling. This modelling often

relies on the generation of density gradients in liquid filled

tanks in order to simulate these environments under con-

trolled laboratory conditions.

Possibly the simplest experimental method to create a

stratified environment is to introduce layers of fluid of

descending density into a tank, for example, using saline or

sugar solutions of progressively decreasing concentration.

A linear stratification can be approximated as molecular

diffusion smoothes out the boundaries between the layers.

This is the technique used with saline solutions by Morton

et al. (1956) to study turbulent plumes in stratified envi-

ronments. The main disadvantage is the long settling time

required for the density gradient to become linear.

Oster (1965) proposed a three-tank arrangement which

overcame this problem. The apparatus consisted of a tank

filled with fresh water (hereafter the ‘supply tank’ A) con-

nected to a second tank filled with saline solution (hereafter

the ‘mixing tank’ B) which, in turn, was connected to a third

initially empty tank (hereafter the ‘environmental tank’ C)

as shown in Fig. 1. Tanks A and B were identical and

contained equal initial volumes of miscible liquids. Oster

established that a linear density gradient is produced in the

environmental tank (see Sect. 2; Eq. 15) if the volume flow
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rate at which fresh water from the supply tank is pumped

into the mixing tank (QA) is one half of the rate at which

liquid from the mixing tank is pumped into the environ-

mental tank (QB). As the name suggests, the ‘mixing tank’ is

required to be stirred vigorously in order to homogenise the

two liquids. Despite using three tanks this approach is often

referred to as the ‘double-bucket’ or ‘double-tank’ method

and has been used extensively in laboratory studies. For

example, Ruddick et al. (1999) investigated thermohaline

intrusions observed in the ocean as a result of seawater

density being affected by both salinity and temperature.

They produced a density gradient of sugar solution and a

density gradient of salt solution on either side of a parti-

tioned environmental tank using two separate double-

bucket systems and replicated small-scale thermohaline

intrusions on removing the partition. Other examples of the

use of the double-bucket method include the study of

internal waves in linearly stratified environments by Suth-

erland et al. (2000) and the study of the mixing produced by

a plume rising in a confined stratified environment by

Cardoso and Woods (1993).

While the Oster method provides a convenient and

established means of generating linear profiles in the lab-

oratory, in many situations of practical interest the

stratification is not linear. For example, the sun heats the

surface waters of the ocean causing non-linear density

gradients; an example of ocean stratification is given in Gill

(1982). A thermocline may develop in which the temper-

ature changes suddenly with depth. Thermoclines have a

profound influence on the dilution of sewage discharged

into coastal waters. Another example of non-linear strati-

fication is the thermal inversion layer of the lower

atmosphere and there are the associated issues regarding

the dilution and transport of airborne pollutants (Pasquill

and Smith 1983).

Baines and Turner (1969) created a non-linear stratifi-

cation by using a ‘filling box’ in which saline solution was

supplied at a constant rate from a nozzle located just below

the free surface in a fresh water-filled tank to form a tur-

bulent saline plume. Saline solution reaching the base of

the tank spread laterally to form a layer with a density

greater than the fresh water. As the depth of this layer

increased, the plume entrained fresh water over a reduced

vertical extent and, thus, plume fluid arrived at the base of

the tank less dilute (i.e. with a higher salinity) than the

existing fluid at that level. Outflow from the plume was

thus always at the base of the tank. When all of the ambient

fluid was recycled through the plume, a smoothly varying

profile over the entire depth was obtained. The density

profile produced this way is of a unique shape and is given

in Baines and Turner (1969) as a power series solution (see

their Eq. 14) of the governing differential equations. In

principle the profile could be modified by adjusting the

source conditions, i.e. volume, momentum and buoyancy

fluxes, of the plume.

A two-layer-like density profile was created by Linden

(1980) by initially filling a tank with two homogeneous

layers of liquid, of differing density and separated by a

sharp interface, and then allowing a grid to fall vertically

through the liquids. Mixing across the interface caused by

the passage of the grid smoothed out the sharp density step

to yield a profile of double concavity. The details of the

profile were dependent on the speed and mesh size of the

grid.

Hill (2002) investigated how a broader range of density

profiles can be generated using an unsteady forced-drain

version of the traditional double-bucket method. The tech-

nique he used involved specifying the desired density profile

a priori and then iteratively solving an inverse problem to

determine the time-dependent volume flow rates (QA(t) and

QB(t)) required to achieve this profile. This method proved

successful using sophisticated computer-controlled peri-

staltic pumps to achieve the continually varying volume

flow rates.

In this paper, we propose and examine (theoretically and

experimentally) a previously unconsidered extension of

Oster’s double-bucket method in which a range of non-

linear density gradients can be generated in a straightfor-

ward way. The structure of the paper is as follows. In

Sect. 2 we present analytical solutions for the density

profiles established with the original Oster (1965) forced-

drain method for any (constant) volume flow rate ratio n,

initial liquid volume ratio k and initial liquid density ratio

w. Although the derivation is straightforward, and other

workers are likely to have obtained similar results the

theory has not been noted in the literature as far as we are

aware. In Sect. 3 we present our method in which liquid is

allowed to drain freely under gravity from one tank to

another thereby removing altogether the need for pumps.

In Sect. 3.1 the mathematical model we have developed to

describe the form of the resulting stratification is presented.

The theoretical predictions (Sect. 3.2), experimental pro-

cedure (Sect. 3.3) and comparison of results (Sect. 3.4)

are then presented. Extensions of the ‘forced-drain’ and

Fig. 1 Schematic diagram of apparatus and set-up used in the Oster

(1965) ‘forced-drain’ approach
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‘free-drain’ approaches are outlined in Sect. 4. Conclusions

are drawn in Sect. 5.

2 Forced-drain case

We consider a supply tank and a mixing tank of initial

liquid volumes VA,0 and VB,0, respectively, containing

miscible liquids of density qA and qB,0 (qB,0 [qA). The

subscript ‘0’ is used to denote the value of the quantity at

time t = 0 and the subscripts ‘A’ and ‘B’ relate to tanks A

and B, respectively. The subscript ‘C’ will be used later to

refer to tank C. We note that whilst Oster (1965) estab-

lished that a linear stratification is achieved for QB

QA
¼ 2 and

VB;0

VA;0
¼ 1 the general form of density profile was not stated

explicitly. For completeness, we begin by determining the

form of the density profile for any volume flow rate ratio n

(independent of time), initial volume ratio k and initial

density ratio w where:

n ¼ QB

QA
; k ¼ VB;0

VA;0
; w ¼

qB;0

qA

: ð1Þ

Assuming complete and instantaneous mixing of liquids in

tank B, the time rate of change of density therein can be

expressed as:

dqBðtÞ
dt
¼

dmBðtÞ
dt � qBðtÞ dVB

dt

VBðtÞ
ð2Þ

where VB(t), mB(t) and qB(t) are the respective volume,

mass and density of liquid in mixing tank B at time t after

the experiment commenced at t = 0. Mass and volume

conservation in tank B require:

dmB

dt
¼ qAQA � qBðtÞQB ð3Þ

and

dVB

dt
¼ QA � QB; ð4Þ

respectively. Substituting Eqs. 3 and 4 into Eq. 2 yields:

dqB

dt
¼ QAðqA � qBÞ

VB;0 þ ðQA � QBÞt
: ð5Þ

As the volume flow rates are constant in Oster’s approach,

the liquid density in mixing tank B can be expressed as a

function of time on integrating Eq. 5 as:

qBðtÞ ¼
qA þ Dqe

� QA
VB;0

t
for n ¼ 1

qA þ Dq VB;0þQAð1�nÞt
VB;0

� � 1
n�1

for n 6¼ 1

8<
: ð6Þ

where Dq = qB,0 - qA. We note that Eq. 6 holds for n

[ 0. With n = 0 there is no fluid supplied to tank C.

Conservation of volume in environmental tank C requires:

dVC

dt
¼ QB: ð7Þ

Assuming tank C has a constant cross-sectional area SC, the

volume in tank C is VC = SCzC where zC denotes the

instantaneous liquid depth in tank C (Fig. 1). As tank C is

initially empty, i.e. zC = 0 at t = 0, integration of Eq. 7

yields:

zC ¼
QB

SC
t: ð8Þ

The density qC in tank C is given by:

qCðzC; t þ tLÞ ¼ qBðtÞ ð9Þ

where tL is a time lag equal to the time required to pump

liquid from tank B to the free surface in tank C. As tL is

expected to be small compared with the time scale for the

stratified environment to be produced in tank C we assume

that qC(zC, t) = qB(t).

We now introduce the dimensionless quantities:

s ¼ t
VA;0

QA

; fC ¼
zC

nVA;0

SC

; .C ¼
qB

qA

: ð10Þ

The characteristic time scale
VA;0

QA
in Eq. 10 is the time taken

for tank A to empty. The dimensionless form of Eq. 8 is

fC = s and hence, the length scale
nVA;0

SC
in Eq. 10 is the

depth change in tank C that occurs in one unit of

dimensionless time. The final dimensionless variation in

density in the environmental tank is, from Eq. 6:

.CðfCÞ ¼
1þ ðw� 1Þe�fC=k for n ¼ 1

1þ ðw� 1Þ 1� n�1
k

� �
fC

� � 1
n�1 for n 6¼ 1

(
:

ð11Þ

The gradient of the density profile is given by:

d.C

dfC

¼
� w�1

k

� �
e�fC=k for n ¼ 1

� w�1
k

� �
1� n�1

k

� �
fC

� �2�n
n�1 for n 6¼ 1

8<
: : ð12Þ

The stability of the density profile can be determined by

evaluating the buoyancy frequency N2 ¼ � g
.CðfC¼0Þ

d.C

dfC
.

Since
d.C

dfC
\0 for all n, N2 [ 0 and the stratification is

stable. In order to establish the shape of the density profile

for different values of n, k and w, it is informative to

evaluate the second derivative of Eq. 11, i.e.

d2.C

dfC
2
¼

w�1

k2

� �
e�

fC
k for n ¼ 1

w�1

k2

� �
ð2� nÞ 1� n�1

k fC

� �3�2n
n�1 for n 6¼ 1

8<
: :

ð13Þ

The range of values of n which yield convex, linear and

concave density profiles is presented in Table 1. The

density .C from Eq. 11 is plotted as a function of fC for
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n = (0.5, 1, 2, 3, 5) in Fig. 2a when both tanks (A and B)

initially contain identical liquid volumes and are of

identical geometry. Since w [ 1 and k[ 0, the first and

second terms of Eq. 13 for n = 1 are always positive when

0 \ n \ 2. The third term is also positive as fC ranges

from 0 B fC \ fC,f, where fC,f is the final depth in tank

C obtained at the time at which either tank A or B

has emptied, given from the non-dimensional form of

Eq. 8 by:

fC;f ¼
1 if k

n�1
[ 1

k
n�1

if k
n�1

\1

�
: ð14Þ

Convex density profiles
d2qC

df2
C

[ 0
� �

are therefore predicted

for 0 \ n \ 2 as depicted in Fig. 2a. An exponentially

varying density profile is obtained for n = 1. For n = 2 a

linear density profile is predicted, as established by Oster

(1965), and from Eq. 11 given by:

.CðfCÞ ¼ w� w� 1

k

� 	
fC: ð15Þ

For n[ 2,
d2qC

df2
C

\0 as the first and third terms of Eq. 13 are

positive while the second term is negative—concave density

profiles are obtained for this range (Fig. 2a). In the limit as

n ? ? (i.e. QA ? 0) the density in tank C becomes inde-

pendent of depth and equal to qB as .C ¼ w from Eq. 11.

The effect of the ratio of the initial liquid volumes, k, on

the final stratification is shown in Fig. 2b. For illustrative

purposes we have chosen n = 1. In the context of a saline

stratification, as k increases the volume of salty water (in

B) relative to the volume of fresh water (in A) increases

and, therefore, for a fixed n the mean salinity of tank B

decreases more slowly resulting in density profiles with a

shallower gradient (smaller change in density over the total

depth) as shown in Fig. 2b.

The effect of the ratio of the initial densities, w, on the

final stratification is shown in Fig. 2c. For increasing val-

ues of w the density difference between the base and free

surface of tank C ði.e. .CðfC ¼ 0Þ � .CðfC ¼ 1ÞÞ increa-

ses. Physically, this is expected as for example with n = 1

(for fixed QA and QB) and fresh water in tank A, the mass

of salt removed from tank B in unit time increases with

1 1.05 1.1 1.15 1.2
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0.2

0.4
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1

C

ζC
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n = 5

(a)
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(b)

1 1.05 1.1 1.15 1.2
0

0.2
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0.8
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= 1.05
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(c)

Fig. 2 Forced-drain. Dimensionless density profiles in environmental

tank C from Eq. 11 for different volume flow rate, initial density and

volume ratios. a n = (0.5, 1, 2, 3, 5), k = 1, w = 1.2; b n = 1,

k = (0.5, 1, 2, 4), w = 1.2; c n = 1, k = 1, w = (1.05, 1.10, 1.15,

1.20)

Table 1 Variation of density profile shape with n in the Oster forced-

drain approach

n d2.C

dfC
2 Shape

(0, 2) [0 Convex

2 =0 Linear

(2, ?) \0 Concave
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increasing w.1 As a consequence the density reduction in B,

and thus in the connecting environmental tank, is enhanced

as w increases.

These predictions indicate how the dimensionless den-

sity profile in tank C can be adjusted to obtain a desired

stratification by varying the volume flow rate ratio and the

initial density and volume ratios.

3 Free-drain case

An alternative to the Oster (1965) double-bucket method is

now proposed in which pumps are not used to control the

volume flow rates QA and QB. Instead, liquid from supply

tank A is allowed to drain freely under gravity directly into

mixing tank B. Simultaneously, liquid from tank B is

allowed to drain freely under gravity into the environ-

mental tank C as indicated in Fig. 3. With this approach,

the ratio of the volume flow rates varies with time (n = n(t))

as QA and QB are dependent on the instantaneous liquid

depths and the opening areas in the base of the respective

tanks. We show that this allows density stratifications with

an inflexion point2 to be established without pumps or

manual intervention.

3.1 Mathematical model

We begin by defining the tank geometries and let A, S and

H, respectively, denote the base opening area, cross-sec-

tional area and initial liquid depth in a given tank.

Subscripts ‘A’, ‘B’ and ‘C’ are again used to refer to tank

A, B and C, respectively.

We restrict our attention to base openings of areas

AA � SA and AB � SB so that the variation of pressure

within the liquids is approximately hydrostatic. Assuming

quasi-steady conditions and a dissipationless, incompress-

ible flow, application of the Bernoulli equation along a

streamline between the free surface and the vena-contracta

that forms immediately downstream of the opening gives

the velocity UA with which liquid leaves tank A as UA ¼ffiffiffiffiffiffiffiffiffi
2gzA

p
; where zA denotes the depth of liquid in tank A at

time t (Fig. 3). The volume flow rate is then:

QAðtÞ ¼ CdAAA

ffiffiffiffiffiffiffiffiffi
2gzA

p
ð16Þ

where CdA denotes the discharge coefficient associated

with the contraction and subsequent expansion of the flow

through the opening. Since AA � SA we take CdA = 0.6

following Ward–Smith (1980). Conservation of volume for

tank A requires:

d

dt
ðSAzAÞ ¼ �QA: ð17Þ

Substituting for Eq. 16 into Eq. 17 and integrating subject

to the initial condition zA(t = 0) = HA gives the liquid

depth:

zA ¼
ffiffiffiffiffiffi
HA

p
� CdAAA

2SA

ffiffiffiffiffi
2g

p
t

� 	2

: ð18Þ

Thus, from Eq. 16:

QAðtÞ ¼ QA;0 �
Q2

A;0

2VA;0
t ð19Þ

where QA;0 ¼ CdAAA

ffiffiffiffiffiffiffiffiffiffiffi
2gHA

p
is the volume flow rate at

t = 0. The volume flow rate from tank B is:

QBðtÞ ¼ CdBAB

ffiffiffiffiffiffiffiffiffi
2gzB

p
ð20Þ

where CdB is the discharge coefficient associated with flow

through the base opening of area AB. To determine QB the

depth zB is required. Volume conservation for tank B requires:

d

dt
ðSBzBÞ ¼ QA � QB: ð21Þ

Substituting for QA from Eq. 19 and QB from Eq. 20 into

Eq. 21 we obtain the following differential equation for zB:

dzB

dt
þ CdBAB

ffiffiffiffiffi
2g
p

SB

ffiffiffiffiffi
zB
p þ

Q2
A;0

2SBVA;0
t ¼ QA;0

SB
: ð22Þ

Equation 22 may be readily solved numerically, although

an implicit solution is possible under certain constraints

(see Appendix A).

Fig. 3 Schematic diagram of apparatus and notation used in the

‘free-drain’ approach

1 We note from Eq. 11 that the difference in density achieved with

ratios w1 and w2 is dependent on height, e.g. with n = 1,

D.C ¼ .CðfC ;w1Þ � .CðfC;w2Þ ¼ ðw1 � w2Þe�fC=k:
2 Profiles with an inflexion point could be achieved with a forced-

drain approach by either adjusting flow rates manually or with

variable flow rates (Hill 2002).

Exp Fluids (2009) 46:453–466 457

123



The liquid depth in tank B may either increase or

decrease depending on the relative volume flow rates at

which liquid is received from tank A and is supplied to tank

C. For CdAAA

CdBAB

ffiffiffiffiffi
HA

HB

q
[ 1; the volume flow rate from tank A

initially exceeds the volume flow rate from tank B

(QA,0 [ QB,0) and the depth zB increases (regardless of the

values of SA and SB) until a maximum is reached after

which zB reduces. In contrast, for CdAAA

CdBAB

ffiffiffiffiffi
HA

HB

q
� 1 the depth

of tank B reduces for all t C 0.

Mass conservation for tank B gives the time variation of

density therein as:

dqB

dt
¼ QAðqA � qBÞ

VB
; ð23Þ

where the volume of tank B, VB ¼ VB;0 þ
R t

0
ðQA � QBÞdt .

We now introduce the dimensionless quantities:

s ¼ t
VA;0

QA;0

; Q0B ¼
QBðtÞ
QA;0

; fC ¼
zC

HA
ð24Þ

and

fB ¼
zB

HA
; .B ¼

qBðtÞ
qA

: ð25Þ

Unlike the forced-drain approach, we have not included the

factor n in the time scale here as for the free-drain n = n(t).

We also introduce the geometric ratios:

Â ¼ CdBAB

CdAAA
; Ŝ1 ¼

SB

SA
; Ŝ2 ¼

SC

SA
; Ĥ ¼ HB

HA
: ð26Þ

Rewriting Eqs. 20, 22 and 23 in their dimensionless

form we have:

Q0B ¼ Â
ffiffiffiffiffi
fB

p
ð27Þ

dfB

ds
þ Â

Ŝ1

ffiffiffiffiffi
fB

p
þ 1

2Ŝ1

s ¼ 1

Ŝ1

ð28Þ

d.B

ds
¼

ð1� .BÞð1� s
2
Þ

Ŝ1Ĥ þ sð1� s=4Þ �
R s

0
Q0Bds

ð29Þ

whilst, the dimensionless depth and density in tank C is

given by:

fC ¼
1

Ŝ2

Zs

0

Q0Bds ð30Þ

and

.C ¼
qCðfCÞ

qA

¼ .BðsÞ: ð31Þ

3.2 Theoretical predictions of stratification

The system of Eqs. 27–31 was solved numerically subject

to the initial conditions:

fCðs ¼ 0Þ ¼ 0; .Bðs ¼ 0Þ ¼ w; fBðs ¼ 0Þ ¼ Ĥ: ð32Þ

The Euler method was chosen to solve Eqs. 28 and 29

while the depth in tank C (Eq. 30) was estimated using

Simpson’s rule. Volume and mass conservation checks

were made as a means of quality control at each time

step—both were conserved to within 0.1%. The dimen-

sionless density profile in tank C was evaluated for the

geometric input parameters Â; Ŝ1; Ŝ2 and Ĥ:

A wide range of density profiles are possible with the

free-drain approach—examples, which include convex,

concave, linear and double-concave;3 are shown in Fig. 4.

For Â\2 we predict a convex density profile (i.e. envi-

ronments with decreasing buoyancy frequency). For Â ¼ 2

and Ĥ ¼ 1 the ratio of the volume flow rates remains

constant throughout the transients (n(t) = 2, for all t) and a

linear stratification is obtained. For Â [ 2; either a concave

or a double-concave profile can be obtained depending on

the ratio of the initial depths Ĥ; as shown in Fig. 4. The

variation of the final profile .CðfCÞ with Â; Ĥ and Ŝ is

considered below.

3.2.1 Dependence on opening areas

We consider tanks A, B and C of identical horizontal cross

sections, i.e. Ŝ1 ¼ Ŝ2 ¼ 1; and equal initial liquid depths,

i.e. Ĥ ¼ 1. To illustrate the effect of the opening areas on

the subsequent density profile we examine two cases: (i)

Â ¼ 1
5

(solid line, Fig. 5), i.e. the opening area of tank B is

one fifth of the opening area of tank A, and (ii) Â ¼ 5

(dashed line). In case (i) the initial rate at which liquid

leaves tank B is one fifth of the rate at which liquid is

1 1.05 1.1 1.15 1.2
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

C

ζC

Â = 0.5 , Ŝ 1 = 1 , Ŝ 2 = 1 , Ĥ = 1

Â = 2 , Ŝ 1 = 1 , Ŝ 2 = 1 , Ĥ = 1

Â = 5 , Ŝ 1 = 0 .5 , Ŝ 2 = 1 , Ĥ = 1

Â = 5 , Ŝ 1 = 1 , Ŝ 2 = 1 , Ĥ = 0 .5

Fig. 4 Free-drain. Dimensionless density profiles in the environmen-

tal tank C for w = 1.2

3 Double-concave is used to describe a profile with an inflexion point.
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introduced (i.e. nðs ¼ 0Þ ¼ 1
5
; see n(s) in Fig. 5c). There-

fore, the density .B initially reduces rapidly. This yields a

corresponding rapid reduction in density .C with height fC

(Fig. 5a). During the initial transients n increases from one

fifth, thus the liquid depth in B increases (Fig. 5b); this

trend is maintained whilst n(s) \ 1. As a consequence the

rate at which the density in tank B reduces, slows. This is

reflected in the density variation in tank C which is strong

for small fC and weakens as fC increases. When n(s) [ 1,

the depth in tank B begins to reduce (Fig. 5b for s C 1.5).

However, since n continues to increase rapidly, the rate at

which the density in tank B reduces continues to slow,

yielding the density profile shown in Fig. 5a.

In contrast, when Â ¼ 5 [case (ii)] the density in tank B

reduces (relatively) more slowly as n is initially large [n(s
= 0) = 5]. Since n(s)\ 1 for all s and decreases (Fig. 5c),

the depth in tank B reduces throughout the transients

(Fig. 5b) which results in an increasingly steep density

profile in tank C (Fig. 5a).

3.2.2 Dependence on initial liquid depths

The effect of the initial liquid depth ratio was examined by

comparing results for Ĥ ¼ 1
5

and Ĥ ¼ 5: When the initial

liquid depth in tank B is one fifth of the depth in A, liquid

leaves tank B at initially
ffiffiffiffiffiffiffiffi
1=5

p
of the rate at which liquid is

received (i.e. nðs ¼ 0Þ ¼
ffiffiffiffiffiffiffiffi
1=5

p
; Fig. 6c). As a conse-

quence the liquid depth in tank B increases (Fig. 6b) and

the initial rate at which the density in tank B decreases is

rapid. This rate reduces with time as n(s) and fB increase

(Fig. 6b, c). When QB exceeds QA (i.e. n[ 1) the depth in

tank B begins to decrease. As n then increases rapidly, the

rate of change of density with height in tank C decreases

(Fig. 6a).

In contrast, when Ĥ ¼ 5; the rate at which liquid leaves

tank B is initially a factor of
ffiffiffi
5
p

greater than the rate at

which liquid is received. Therefore the initial rate at which

the density in tank B decreases is relatively small, yielding

a density profile of shallow gradient (Fig. 6a). As

QB � QA throughout the transients, the depth in tank B

drops dramatically (Fig. 6b). However, n increases during

the transients. The competing effects, associated with

increasing n and decreasing fB, result in an almost constant

rate of change of density in B and the density profile in

tank C as indicated by the dashed line in figure 6a.

3.2.3 Dependence on cross-sectional areas

The effect of Ŝ1 and Ŝ2 on the final stratification was

examined by varying the cross-sectional area of tanks A, B

and C while keeping the other ratios fixed at Â ¼ 1 and

Ĥ ¼ 1: Predictions are shown in Fig. 7. When Ŝ1 ¼ 1
5
; the

volume of dense solution in tank B is one fifth of the

volume of the solute in A and the density of tank B initially

drops rapidly yielding a steep density profile (Fig. 7a). As

the depth in tank B reduces with time (n C 1) the rate of

change of density in B increases—as a consequence the

density profile in C steepens.
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Fig. 5 Effect of opening areas

on the: a dimensionless density

profile in tank C, b liquid depth

in tank B and c dimensionless

density in tank B. Predictions

from Eqs. 27–31 for tanks of

identical cross-sectional areas

ðŜ1 ¼ Ŝ2 ¼ 1Þ; identical initial

depths ðĤ ¼ 1Þ; and initial

density ratio w = 1.2
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On the other hand when Ŝ1 ¼ 5 (Fig. 7), the initial

change of density in B is small as the volume in tank B is

five times larger than the volume of solute. The depth in B

reduces with time (n C 1), but as n increases the density in

tank B reduces less rapidly for larger Ŝ1 as shown in

Fig. 7a.

Finally, varying Ŝ2; i.e. the cross-sectional area of tank

C relative to tank A (Fig. 8), has no effect on fB, n and .B:
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depths on the: a dimensionless

density profile in tank C; b
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Predictions from Eqs. 27–31 for

tanks of identical opening areas

ðÂ ¼ 1Þ; identical cross-

sectional areas ðŜ1 ¼ Ŝ2 ¼ 1Þ;
and initial density ratio w = 1.2
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Ŝ1 = 5

1 1.05 1.1 1.15 1.2
0

0.5

1

1.5

2

C

ζ C
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These quantities are independent of Ŝ2 (see Eqs. 28 and

29). However, increasing Ŝ2 yields steeper density profiles

(Fig. 8a) as the liquid flowing into tank C in unit time

results in an increasingly smaller change in depth.

3.2.4 Dependence on density ratio

Similar trends to those described for the forced-drain

(Sect. 2) are maintained for the free-drain method. The
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areas of tank A and C on the: a
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tank C; b liquid depth in tank B

and c volume flow rate ratio.

Predictions from Eqs. 27–31 for

tanks of identical opening areas

ðÂ ¼ 1Þ; identical cross-

sectional areas ðŜ1 ¼ 1Þ;
identical initial depths ðĤ ¼ 1Þ;
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effect of the ratio of the initial densities, w, on the final

stratification was examined by considering two cases: (i)

w = 1.1 and (ii) w = 1.2, as shown in Fig. 9. For w = 1.1

the mass of salt removed from tank B in unit time is less

compared to when w = 1.2. Hence the density difference

between the base and free surface of tank C ði.e. .CðfC ¼ 0Þ
�.CðfC ¼ 1ÞÞ increases with increasing w.

3.2.5 Summary and practical application

We have shown that the dimensionless density profile

.CðfCÞ is uniquely determined in terms of five ratios w, Â;

Ĥ; Ŝ1 and Ŝ2: In order to assist the experimentalist in the

practical application of our results we have mapped out in

Fig. 10 the regions of ðÂ; ĤÞ and ðÂ; Ŝ1Þ free-drain

parameter space, as well as (n, k) forced-drain parameter

space, which yield convex, concave, double concave and

linear/approximately-linear dimensionless density profiles.

The regions of linear/approximately-linear profiles have

been determined based on only those profiles giving

R2 [ 0.99 to a linear fit.

Figure 10 can be used directly by the experimentalist.

From a practical viewpoint the experimentalist would

likely be seeking guidance on the initial liquid depths in the

supply and mixing tanks, and on the areas of the base

openings required to achieve a particular profile for the

free-drain method. Figure 10a clearly shows how a given

pair Â ¼ AB

AA
and Ĥ ¼ HB

HA
give rise to a particular profile. One

might reasonably anticipate that both supply and mixing

tanks would be identical and so Fig. 10a is plotted for tanks

of equal cross-sections. On the other hand, if a variation of

the cross-sectional area of the mixing tank relative to the

supply tank is possible in the experiments, Fig. 10b can be

used to identify the shape of the density profile for a given

pair Â ¼ AB

AA
and Ŝ1 ¼ SB

SA
:

Whilst the density profile for the forced-drain method

can be expressed in an analytical form Eq. 11, the (n, k)

parameter space and corresponding profile shape is plotted

in Fig. 10c to provide the experimentalist with a rapid

means of selecting the flow rate and initial volume ratios,

and a visual comparison of the range of possible density

profiles produced by the forced and free-drain methods.

3.3 Experimental procedure

The procedure followed was similar to that of Oster (1965)

except that tanks A, B and C were orientated vertically

above one another. The experimental configuration used is

shown in Figs. 3 and 11—Fig. 3 illustrates the basic

arrangement of the tanks and Fig. 11 the details of tanks B

and C. We note that there may be practical issues associ-

ated with using tanks of large sizes arranged in such a
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ðÂ; ĤÞ parameter space for tanks of identical cross-sectional areas
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identical cross-sectional areas ðŜ2 ¼ 1Þ and identical initial depths
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configuration. In this set of experiments, the apparatus

consisted of three identical plastic tanks each 45 cm deep

and 45 cm wide 9 45 cm long (giving SA = SB = 452

cm2). The maximum depth of liquid in each tank was

40 cm. Pneumatic fittings of different aperature diameters

(0.4–1.2 cm, giving 0.13 B AA, AB B 1.13 cm2) were

installed in the base of tanks A and B (Fig. 11a) to allow

drainage at initial volume flow rates of between 20–190

cm3s-1. Tank A was initially filled with fresh water of

density qA = 0.998 gcm-3 and tank B with saline solution

of density qB,0 (see Table 2). The liquid in tank B was

mixed continuously using an industrial paint stirrer

attached to a pneumatic drill as shown in Fig. 11a. The

rotation rate of the stirrer was set at a value which vigor-

ously mixed and overturned the entire volume of tank B so

that a uniform density was maintained. The mixer was

located in a corner of mixing tank B and a polystyrene

sheet was floated on the free surface to prevent horizontal

variations in the liquid depth otherwise induced by the

mixer. Both liquids were allowed to settle and reach room

temperature before an experiment was started by simulta-

neously removing plastic plugs from the base openings in

tanks A and B.

A float with an open cell foam base and polystyrene

perimeter was positioned on the free surface of the envi-

ronmental tank (Fig. 11b) directly below the opening in tank

B. Liquid then entered tank C after percolating through the

open cell foam base. The foam was required to diminish the

momentum flux of the inflow and thereby minimise mixing

in tank C as the stratification developed. The density strat-

ification in the environmental tank was measured using an

ANTON PAAR DMA 4500 densitometer (accuracy of

±10-5gcm-3) at the end of each experiment. Samples of

3 ml volume were extracted at 11 different depths (at zC = 0,

3, 7, 11, 15, 19, 23, 27, 31, 32.5 and 34.5 cm) using syringes

attached to needles whose tips were located at the specified

liquid depths as indicated in Fig. 11b.

3.4 Experimental results and discussion

We constructed four different shapes of density profile in

the laboratory using the free-drain approach; a convex

(decreasing buoyancy frequency), a linear, a double-con-

cave (diffuse two-layer-like), and a concave (increasing

buoyancy frequency) profile as shown in Fig. 12. Shown

together with the measured profile is the predicted form of

the density profile. The four density profiles were achieved

by varying the ratio of the opening areas, the initial depths

and initial densities while keeping the cross-sectional areas

identical ðŜ1 ¼ Ŝ2 ¼ 1Þ: Note that the experimentalist can

appeal to Fig. 10 prior to an experiment in order to obtain

an indication of the form of the density profile.

A second density profile with double-concavity

(Fig. 13) was achieved by conducting an experiment in

two parts. To construct the first part we chose Â ¼ 4 and

Ĥ ¼ 1: The experiment was interrupted (by plugging the

base openings) when the depth in the environmental tank

zC = 20 cm and density qC = 1.058 gcm-3 as indicated by

the cross on Fig. 13. The ratio of the opening areas was

Fig. 11 Schematics of the free-drain experimental set-up: a mixing

tank B; b environmental tank C

Table 2 Experimental values

for the measurements shown in

Figs. 12a–d and 13

Expt qA (gcm-3) qB,0 (gcm-3) HA (cm) HB (cm) Ĥ AA (cm2) AB (cm2) Â

12(a) 0.998 1.140 29.0 34.0 1.2 p 0:82

4
p 0:82

4
1.00

12(b) 0.998 1.044 20.0 20.0 1.0 p 0:42

4
p 0:62

4
2.25

12(c) 0.998 1.064 22.0 22.0 1.0 p 0:42

4
p 0:82

4
4.00

12(d) 0.998 1.071 20.5 34.0 0.7 p 0:42

4
p 0:82

4
4.00

13(i) 0.998 1.100 20.0 20.0 1.0 p 0:42

4
p 0:82

4
4.00

13(ii) 0.998 1.058 29.0 21.0 0.7 p 0:42

4
p 0:42

4
1.00
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then reduced to Â ¼ 1 (see Table 2) and the liquid depths

in tank A and B were raised by 15 cm; tank A with

fresh water and tank B with saline solution of density

qB = 1.058 gcm-3. The second part of the experiment was

then commenced on removing the plugs yielding the con-

vex part of the profile.

A close agreement between the measured profiles qC(zC)

and the theoretical predictions was obtained as shown in

Fig. 12 and 13. The average difference between the theo-

retical and actual profiles was estimated to be 5%.4

However, the experimental results do not agree with the

theory so well in the upper region of the environmental

tank for the double-concave density profile of Fig. 12c. For

this profile ðÂ ¼ 4; Ĥ ¼ 1Þ the liquid depth in tank B

rapidly decreased after the experiment commenced yield-

ing a thin layer for a considerable period of time. This trend

was restricted to this particular experiment. The mixer

vigorously agitated this thin layer producing strong hori-

zontal motions. The theoretical model failed to closely

predict the density profile as the hydrostatic conditions

assumed were then violated due to this influential hori-

zontal motion which also affected the pattern of

streamlines through the opening and, thereby, invalidated

the assumption CdA = CdB = 0.6 (Ward-Smith 1980). To

avoid violating these assumptions a minimum liquid depth

was set (equal to 5 cm) after which each experiment was

interrupted. Based on this limitation, an experiment was

carried out again with Â ¼ 4 and Ĥ ¼ 0:7 and the density

profile obtained agreed well with the theory over the entire

tank depth, as indicated in Fig. 12d. Finally, the disagree-

ment seen in the lower part of the tank (for zC ~ 5 cm) is

due to mixing caused by the fluid dropping from tank B

above. This mixing was kept to a minimum by using the

float, keeping the vertical distance between the tanks
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Fig. 12 Free-drain density profiles produced in the environmental

tank ðSC ¼ 2; 025 cm2; where Ŝ1 ¼ Ŝ2 ¼ 1Þ: Solid lines indicate

theoretical predictions and the solid circles indicate measurements.

a Convex profile: Â ¼ 1; Ĥ ¼ 1; w = 1.140; b approximately linear

profile: Â ¼ 2; Ĥ ¼ 1; w = 1.043; c concave part of a double-

concave profile: Â ¼ 4; Ĥ ¼ 3
2
; w = 1.072

1 1.02 1.04 1.06 1.08 1.1
0

5

10

15

20

25

30

35

40

ρ
C

( gcm−3)

z C
(c

m
)

Fig. 13 Free-drain double concave profile created by conducting the

experiment in two parts: (i) Â ¼ 4 and Ĥ ¼ 1 and (ii) Â ¼ 1 and

Ĥ ¼ 1: The two parts are separated by the cross

4 Hill (2002) obtained higher accuracy (typically 3% or less) using a

MicroScale conductivity and temperature instrument.
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minimal and ensuring that the volume flow rate QB was

small (\100 cm3s-1).

4 Extensions

The free-drain method proposed can be duplicated in order

to extend the range of stratifications. For example, if the

liquid in tank A is initially stably stratified by carrying out

a (standard) free-drain experiment and setting the sub-

sequent environment C as the ‘new’ tank A (Fig. 14a), a

second free-drain experiment will then give the final

stratification.

Additional extensions may be considered, for example,

on removing the restriction of the constant cross-sectional

area—as investigated by Hill (2002) for the forced-drain

case. In the previous section we restricted our attention

to tanks of constant cross-sectional area. However, the

method could be adopted in tanks of varying cross-sectional

area with depth (Fig. 14b). If SA(zA), SB(zB) and SC(zC)

denote the varying cross-sectional areas of tanks A, B and

C, respectively, conservation of volume in tanks A, B and

C requires:

d

dt
ðSAðzAÞzAÞ ¼ �QA ð33Þ

d

dt
ðSBðzBÞzBÞ ¼ QB � QA ð34Þ

d

dt
ðSCðzCÞzCÞ ¼ QB ð35Þ

where QA and QB are defined in Eqs. 16 and 20,

respectively.

Finally, we note that the traditional Oster method can be

generalised by introducing a third pump (‘pump C’) as

indicated in Fig. 15. This set-up allows liquid to circulate

from tank A to tank B and vice versa. The density in tank A

then increases with time and by adjusting the rate QC at

which liquid is pumped from B to A relative to QA and QB,

a broader range of density profiles could in principle be

established.

5 Conclusions

We have presented an alternative method for producing

density profiles in the laboratory that is based on the

double-bucket approach proposed by Oster (1965). Unlike

the Oster method in which a linear stratification is achieved

by pumping liquids at constant flow rates so that n ¼ QB

QA
¼

2; in our method we drive the flow by allowing the tanks to

drain freely under gravity. A mathematical model was

developed to predict the final stratification in the environ-

mental tank. We demonstrated that profiles can be uniquely

constructed in terms of five dimensionless quantities; the

ratio of the opening areas Â; the ratios of the cross-sec-

tional areas Ŝ1 and Ŝ2; the ratio of the initial liquid depths

Ĥ; and ratio of the initial densities w. From a stratification-

design point of view, we provide general guidelines with

respect to the predicted shape of the final stratification

given different values of Â; Ŝ1; Ĥ and Ŝ2: We conclude, for

environment and mixing tanks of equal cross-section

ði.e. Ŝ2 ¼ 1Þ and small values of the ratio of the opening
Fig. 14 Generalisation of the free-drain method: a duplication of

free-drain experiment; b tanks of varying cross-sectional area

Fig. 15 Extension of forced-drain method
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areas ði.e. for Â\2; see Fig. 10bÞ; that the density in the

mixing tank reduces rapidly yielding a convex density

profile. In contrast, for sufficiently large Â ði.e. for Â [ 2Þ
concave density profiles or profiles with an inflexion point

(double concave profiles) are obtained. When Â ¼ 2 and

Ĥ ¼ 1; a linear profile was predicted as the ratio of the

volume flow rates remains equal to two throughout the

transients.

We also developed an analytical solution for the density

profiles established with the original Oster method (forced-

drain method) for any volume flow rate ratio n. Our method

highlights the dependence of the resulting dimensionless

density stratification on the three ratios (n, k, w), where k
denotes the ratio of the initial liquid volumes. In contrast,

the density profile developed by the free-drain method is a

function of five ratios ðÂ; Ĥ; Ŝ1; Ŝ2;wÞ:
We successfully constructed four different shapes of

density profiles in the laboratory based on the free-drain

method: concave, convex, linear and double concavity

profiles. We recognise that whilst a broader range of den-

sity profiles can be produced than Oster’s original approach

there is a limited number of functional forms which can be

generated by this method. However, the free-drain method

provides a practical alternative to the widely used Oster

method as it does not involve pumping liquids at constant

flow rates.

The next step of the work should be to address the

inverse problem, namely, beginning with the density pro-

file (e.g. a hyperbolic-tan) to determine the values of (n, k,

w) for forced-drain and ðÂ; Ĥ; Ŝ1; Ŝ2;wÞ for free-drain that

are necessary to achieve this profile.
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Appendix A

An implicit solution of Eq. 22, namely:

4
ffiffiffiffiffi
zB
p þ at � ac

b

h i
ln d 4

ffiffiffiffiffi
zB
p þ at � ac

b

� �h i
¼ ac

b
� at;

ð36Þ

is obtained when CdAAA

CdBAB
¼ 1

2

ffiffiffiffi
SA

SB

q
;where a ¼ CdBAB

ffiffiffiffi
2g
p

SB
;

b ¼ a2

4
; c ¼ QA;0

SB
; d ¼ fe

acf
b and f ¼ 1

4
ffiffiffiffiffi
HB

p
�ac

b

.
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