
ARO406, Winter 2016 Lecture 01a - 01/01/2016

Introductions
Lecturer: Try Lam trylam@cpp.edu

1 Class Topic and Notes

This class will attempt to cover the study of dynamics for aerospace vehicles. More specifically, the study
of classical mechanics. In addition we will include flexible-body motion, a.k.a. vibration.

Dynamics is the study of an object or objects in motion due to applied force(s) and/or torque(s). Tradi-
tionally, in vector dynamics (ME215), you study dynamics by looking at the forces and motion in a vectorial
approach with free-body diagram and breaking down forces and directions along the defined coordinate sys-
tems. This vectorial form is a specific case of a more general frame work in dynamics, which is Lagrange
and Hamiltonian mechanics. This class will conisder both applications.

2 Class Project

At the end of the quarter you are required to turn in a research paper on the topic of aerospace (and/or
mechanical) related dynamics. You must have obtain approval of the topic prior to starting it.

The guidelines are as follows:

• Individual research/report

• Topic must be pre-approved and related to the course

• Near publication level quality

• Include: Introduction, literature search, analyses, conclusion

• Paper length should be between 10 – 20 pages (excluding computer code)

• Ideally contain a (computer) simulation or analysis of an aerospace related dynamical system

Example projects:

• Rolling (or Falling) Disk

• Aircraft (or Spacecraft) Control

• Circular Restricted 3-Body Problem (or Hills Problem)

• Double (or Single or Triple) Pendulum

• Multi-body Problem (or Constrained Multi-body Problem)

• Spinning Disk

• Vibration of a Beam or Column

• Vibrating (and/or Damped) Pendulum
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• Robotic Arm (or Hand)

• Car Steering Problem

• Multibody spring damper systems

3 Review: Vector

A vector is an objects in vector space that is specified by both a magnitude and direction. Visually we
represent them as an arrow, where the lenght of that arrow represents the magnitude and the direction is
represented by the direction the arrow is pointing, fixed to some initial point. If B is a vector then the
magnitude can be represented as ‖B|| or just B. The direction of the vector is demonted bas ûB = B/B.

Vectors are cummutative: A + B = B + A.
In a cartesian coordiante system the vector can be written in component form as

B = Bx î +By ĵ +Bzk̂ (1)

where B now can be written as

B =
√

B ·B =
√
B2
x +B2

y +B2
z (2)

For A 6= B, then the dot product represents

A ·B = AB cos θ (3)

where θ is the angle between the two vectors. It is also noted that A · B = B · A (cummutative). Dot
products are also distributive

A · (B + C) = A ·B + A ·C (4)

The cross product of any two vectors is

A×B =

∣∣∣∣∣∣
î ĵ k̂
Ax Ay Az
Bx By Bz

∣∣∣∣∣∣ = (AB sin θ) n̂AB (5)

where n̂AB is the direction normal to A and B along the positive (right-hand rule) direction sweeping from
A to B. Or

n̂AB =
A×B

||A×B||
(6)

Figure 1: A cross B visualization with the norm vector shown.

It is noted that cross product rules are not cummutative) and

A×B = − (B×A) (7)

2



Other useful realtions and equations:

A× (B×C) = B (A ·C)−C (A ·B) (8)

A · (B×C) = (A×B) ·C = (C×A) ·B (9)

4 Review: Coordinate Systems

Inertial frame are coordinate frames with no relative rotation and no translational accelerations. The motions
in these inertial frames will have observed forces and motion that are independent of the motion of the
observer.

4.1 Cartesian Coordinates

Cartesian coordinates is a coordinate where a state, r, are specified using x, y, and z components centered
at an origin, O, where the directions are independent directions orthogonal to each other and follows the
right-handed rule. In the system, we have

r = x̂i + yĵ + zk̂ (10)

v = ẋ̂i + ẏĵ + żk̂ (11)

a = ẍ̂i + ÿĵ + z̈k̂ (12)

4.2 Cylinderical Coordinates

For cylinderical coordiante system we have

r = rer + zez (13)

v = ṙer + rθ̇eθ + żez (14)

a =
(
r̈ − rθ̇2

)
er +

(
rθ̈ + 2ṙθ̇

)
eθ + z̈ez (15)

where ez = k̂ in the case, θ is the azimuth angle from the x-axis toward the y-axis.

4.3 Spherical Coordinates

Spherical or polar coordinates are a system with curvilinear coordinates (intersection are at right angles).
In this system θ is the azimuth angle in the xy-plane (similar to that of the cylinderial coordinates), and φ
is the polar angle (zenith angle or colatitude) measure from the z-axis.

r = rer (16)

v = ṙer + rθ̇eθ + rφ̇ sin θeφ (17)

a =
(
r̈ − rθ̇2 − rφ̇2 sin2 θ

)
er +

(
rθ̈ + 2ṙθ̇ − rφ̇2 sin θ cos θ

)
eθ +

(
rφ̈ sin θ + 2ṙφ̇ sin θ − 2rθ̇φ̇ cos θ

)
eφ (18)
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4.4 Example: Circular Motion

For a simple circular motion example in the plane (i.e., z = ż = z̈ = 0) we can use the cylinderical equations
to find r, v, and a. For this example we have r = r0, a constant, therefore, ṙ = r̈ = 0. If we make a futher
assumption, such that θ̈ = 0, then we have

r = r0er (19)

v = rθ̇eθ (20)

a = −rθ̇2er (21)

For this example, a represents the centripetal acceleration, the acceleration holding or ensuring that the
object stays in the circle. Since, v = rθ̇, then we can re-write the above equation as

a = −v
2

r
er (22)

4.5 Example: Harmonic Motion

Assume a system with simple harmonic motion of the of the form

ẍ = −ω2x (23)

where ω2 is a constant. The solution to this equation is

x = A cos (ωt+ α) (24)

where A and α are constants which you can evaluate from the values of x and ẋ at t = 0.

Figure 2: Simple harmonic motion.

5 Review: Motion in a Moving Frame

Assuming that the angular velocity vector, Ω, is fixed at the origin in an inertial cartesian system. Let point,
P , be a point fixed to the body. Then the velocity of point P is

v = ṙ =
dr

dt
= Ω× r (25)

where r is from the origin to point, P , and Ω is the absolute angular rate of the body. For the acceleration,
we have

a = r̈ =
d2r

dt2
= Ω× (Ω× r) + Ω̇× r (26)
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where the term Ω× (Ω× r) is the centrifigual acceleration and Ω̇× r is the tangential acceleration.
We can also find the thrid time derivative of the vector

...
r =

d3r

dt3
= 2Ω̇× (Ω× r) + Ω×

[
Ω̇× r + Ω× (Ω× r)

]
+ Ω̈× r (27)

This is known as the “jerk” or “jolt” of the position vector r.

5.1 Time Derivative of a Unit Vector

Using the unit vectors as direction to points in questions, we can find the time derivative of the unit vectors
as such

ė1 = Ω× e1

ė2 = Ω× e2

ė3 = Ω× e3

(28)

If the unit vectors are the cartesian, i, j,k vectors, then we have

i̇ = Ω× i = Ωzj− Ωyk

j̇ = Ω× j = Ωxk− Ωzi

k̇ = Ω× k = Ωyi− Ωxj

(29)

5.2 Review: Time Derivative of a Vector (A Vector In Space)

Given an inertial frame in the XY Z system and a xyz rigid moving frame then the motion in the inerital
frame is absolute and the motion relative to the moving frame is called relative. The unit vector in the
inertial frame is Î, Ĵ, K̂, and let the unit vector in the relative (or moving) frame as î, ĵ, k̂. The absolute
angular velocity is Ω.

In this setup then a vector B is

B = BX Î +BY Ĵ +BZK̂ = Bx î +By ĵ +Bzk̂ (30)

and the time rate of change in the inertial frame is

Ḃ = ḂX Î + ḂY Ĵ + ḂZK̂ (31)

and in the rotating frame we have

Ḃ = Ḃx î + Ḃy ĵ + Ḃzk̂ +Bx
˙̂
i +By

˙̂
j +Bz

˙̂
k (32)

but we know that the time rate of change of a unit vector in the relative (moving) frame is not zero. Thus
we can re-write the equation as

Ḃ =
dB

dt
+ Ω×B (33)

In a similar fashion the acceleration is

B̈ =
d2B

dt2
+ Ω̇×B + Ω× (Ω×B) + 2Ω× dB

dt
(34)
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Figure 3: Fixed (inertial) and moving frames.

5.3 Review: Relative Motion (Motion of a Point in Space)

The equations above can be modified to find the relative motion of a particle in space. For example, if we
have a vector r = rO + rrel, where rrel is

rrel = x̂i + yĵ + zk̂ (35)

and the velocity is

v = vO +
drrel
dt

= vO + vrel + Ω× rrel (36)

and similarly we have the accleration as

a = aO +
d2rrel
dt2

= aO + arel + Ω̇× rrel + Ω× (Ω× rrel) + 2Ω× vrel (37)

The 2Ω × v is called the Coriolis acceleration, Ω × (Ω× r) is the centrifugal accleration, and Ω̇ × r is the
Euler accleration.

5.4 Review: Rotating Coordinate Systems of a rigid body (with Ω̇ = 0 centered
at 0)

For the case of a rigid body with constant rate we have rrel = constant, Ω̇ = 0 and centered at 0,

rrel = x̂i + yĵ + zk̂ (38)

and the velocity is
v = Ω× rrel (39)
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Figure 4: Relative motion. Fixed (inertial) and moving point in space.

and similarly we have the accleration as

a = Ω× (Ω× rrel) (40)

6 Examples

6.1 Example 1: Particle on a rotating turntable

Imagine a turntable with a constant rate of Ω. On that turn table there is a particle, P , with a relative
position of rrel = xî+ yĵ. Find the absolute (inertial) veloicty and acceleration of the particle.

v = vrel + Ω× rrel (41)

v =

 ẋ
ẏ
0

+

 0
0
Ω

×
 x
y
0

 (42)

v =

[
ẋ− Ωy
ẏ + Ωx

]
(43)

and similarly we have the accleration we have

a = arel + Ω× (Ω× rrel) + 2Ω× vrel (44)

a =

 ẍ
ÿ
0

+

 0
0
Ω

×
 0

0
Ω

×
 x
y
0

+ 2

 0
0
Ω

×
 ẋ
ẏ
0

 (45)

a =

[
ẍ− Ω2x− 2Ωẏ
ÿ − Ω2y + 2Ωẋ

]
(46)
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6.2 Example 2

In class
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